
Extremal Combinatorics: homework #1∗

Due 31 January 2026, at 10pm

Collaboration and use of external sources are permitted, but must be fully

acknowledged and cited. You will get most out of the problems if you tackle them

on your own. Collaboration may involve only discussion; all the writing must be

done individually.

1. Prove that every 3-uniform hypergraph with ε
(
n
3

)
edges contains an indepen-

dent set of size at least 1
10
ε−1/2.

2. Show that there are constants c = c(s, t) and C = C(s, t) such that whenever

G is a graph with ε
(
n
2

)
edges, where ε > Cn−1/s edges, then G must contain

at least cεstns+t copies of Ks,t.

3. Greedy Greta has an idea for a new proof of Turán’s theorem: to locate a Kr

inside a graph G with (1 − ε)
(
n
2

)
edges, pick any vertex v of largest degree,

and then find Kr−1 inside N(v) inductively. Does her idea work? If not, can

she, using this method, still find a copy of Kr with r = r(ε) that tends to

infinity as ε → 0?

4. Prove that there exists a constant C > 0 such that the following holds: Every

n-vertex graph G with ε
(
n
3

)
triangles contains a subset U ⊂ V [G] of size at

least (1/ε)C such that the induced subgraph G[U ] is triangle-free. What value

of C do you obtain?

5. Show that every n-vertex triangle-free graph of minimum degree more than

2n/5 is bipartite.

More problems will be added January 23.

∗This homework is from http://www.borisbukh.org/ExtremalCombinatorics26/hw1.pdf.
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