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Theorem 1. Let f € F,[X] be a polynomial of degree 2. Then for all sets A,B C F,
satisfying |A|,|B| < /p, we have

|A+ A| +|f(A) + B| > |A||B|"/1%°.

Lemma 2 (A variation on [Gar08]). Suppose A,B C [, and G C A x B is a bipartite
graph with at least | A||B| edges. Then

min(|Bl,p/|A)V* 0

A+ Al+|A¢B .
A+ A+ A Bl > - 4]

Corollary 3. Suppose sets A, B C IF,, and a graph G C A x B satisfy |A|,|B| < p1+1/29)/2
and |G| > +|A||B|. Then

’3‘1/29
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A+ Al +]4¢ B> =

1Al

Theorem 1 from [Gar(8] is a special case of Lemma [2| for G = A x B. However, the
proof from [Gar(8] carries almost verbatim to establish the stronger result. Below we
outline the changes to that argument to the case when G # A x B.

Proof sketch for Lemma[3 Let \-A = {)\a: a € A} denote the dilate of A by X\. For b € B
put A, = {a: (a,b) € G}. Suppose |[A+A|+[A-gB| < A[A]. Since } 3y e plb- AN Ay | >
|G?/|A ¢ B| > |A||B|*/AK?, there is a fixed by € B for which Y, plb- Ay Nbo - Apy| >
|A||B|/AK?. Define

|A] )
2AK2"

Blz{bEB:V)-Abﬂbo-Abo‘Z

For b € By from the Ruzsa triangle inequalities we deduce

|b'A—|-(b-Abﬂb()-Abo)H(b'Abﬂbo'Abo)+bo-A|

b-Axby- Al <
‘ 0 ’_ ‘b‘Abﬂbo'Ab()’

|A+ A?

< TA[2AR? < 2|A|AK?.



For a given a € A, let Bi(a) ={b: (a,b) € G, b€ By, ab € by- Ap,}. Then
[AllB]

D IBi(@) = Y b Ay by - Ap| > SKIA
acA beBy

Replacing the 0.5| X |?|Y|/|XY| by | X|?|Y|/K|X -¢Y|in Lemma 3 of [Gar08|, and carrying
the rest of the proof as in [Gar0§|, then after simple, but tedious calculations we obtain

A > min(|B|V5W /K (1BI/K)V, (p/K 0| A 00) = min(| B, p/|A]) W /K.
[

Proof of Theorem[1. Since |f(A) + B| > |B|, it suffices to deal only with the case |B| <
|A|2. Suppose f(z) = ax? + Bx + 7 is a quadratic polynomial with o # 0. Assume that
|A+ Al + |f(A) + B| < A|A|. From the Cauchy—Schwarz inequality it follows that there
are at least (|A||B|)?/|f(A) + B| > |A||B|*?A~! solutions to

aa%+ﬁa1+’y+b1Zaa%+ﬁa2—|—7+b2, ai,as € A, by,by € B.

Since a3 — a3 = (a1 — a2)(a1 + a2) after rearranging the terms we conclude that there are

at least A~YA||B|? solutions to

bgiblzd’ sca-(A+A) +8, de (A=A, by by € B. (1)
For (b1,b2) € B x B we let r(b1,bo) be the number ways to extend it to a solution of ([I).
Let G = {(b1,b2) € B x B : r(b1,b2) > A1|A[}. Since the number of solutions to
with (b1, b2) € G is at most |B|?- JA~1| A, the number of solutions to the equation subject
to (bi,bo) € G is at least AT A||BJ?. Since we always have (b1, b2) < [A+ A| < A|A],
it follows that |G| > |B|2A~2. For ¢ € B — B let R(c) be the number of solutions to
¢ = by — by with (bl,bg) € G. Let G; = {(61,52) e G: 21 < R(bg — bl) < Qi}. Each
(b1,b2) € G belongs to one of G1,...,Giegp|- Pick an i so that |G| > |G|/ log|B|. Let
C= {ﬁ : (b1, b2) € G;}. Note that 274G;| < |C| < 2174 G;|. Each solution to

S -

sc=d, sca - (A+A)+p3, dc(A-A)7" ceC (2)
gives rise to R(c) < 2¢ solutions to . Thus the number of solutions to is at least
27 (IGil - 3A7YA]) = (BICD) - 347 Al = ;ATHA[IC] = JATEA + A

By Pliinnecke’s inequality |(A+ A) + (A + A)| < A%|A| and by the triangle inequality
|A — Al < A2|A]. Tf |C] > pUH/29/2 then |C| < |A — A| < A?|A| implies that A >
|A|/58 > | B|Y/116, Thus |C| < p*+1/29/2 with a similar bound for |A + A.

Let H={(s,c) € (a- (A+A)+B)xC:sce (A—-A)"t}. Corollarywith K = 4A?
applied to

(a- (A+A)+8)+(a- (A+A) +8)|+|(a- (A+A) +5) -5 C|



yields |C]'/?%/A? < A*. Therefore

Gl 16l . _ 1B
B = |Bllog| B ~ 2A210g|B]

implying A > |B|'/176—0(1), O]
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