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1. Suppose F; C 2% and F, C 2¥X are two families of finite VC-dimension.
Show that the family {S; U Sy : S; € Fi, Sy € Fp} has finite VC-
dimension.

2. Let X be an n-element set. Construct a family F C 2% of VC-dimension
d with g(d,n) = (3) + (1) + -+ (7)) elements. Is it unique?

3. Let (X, F) be a set family. Recall that an e-approximation to a finite set
P c X is aset P’ C P such that for all S € F we have
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Show that if VC-dimension of F is d, then for every finite P C X there is
a (1/r)-approximation P’ of size |P'| < cqr?logr.

4. A weak e-approximation is analogous to (strong) e-approximations, except
that they need not be subsets of sets they approximate (the condition
P’ C P is dropped). Show that there is no function f(g) such that for
every finite set P C R? there is a weak s-approximation P’ C R? to P
with respect to the family of convex sets of size |P’| < f(e).

5. (“Second selection theorem”) Suppose that P C R? is a set of n points,
F is a family of all the (dil) simplices spanned by P, and 7' C F is a
family of size a(dil). Show that there is a point p € R? that is contained

in at least (3(,,) members of ', where 3 = 3(a,d) > 0.

6. (Same-type lemma, special case) The orientation of a triangle pipops is
either clockwise or counterclockwise depending on the sign of the deter-
minant
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Suppose Pi, Py, P; C R? are three sets of points in the plane, each con-
taining n points. Show that there are subsets P C Py, Py C P2, Py C Ps
of sizes |P{|,|Ps|,|Pj| > cn, where ¢ > 0 is an absolute constant, so that
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the triangles of the form pipops, p1 € P, po € Ps, p3 € Pj3, all have the
same orientation. Hint: Cut the sets P;, P», P3 by appropriately chosen
lines.



