
Walk through Combinatorics: homework #2∗

Due 20 September 2017, at start of class

Collaboration and use of external sources are permitted, but must be fully acknowl-

edged and cited. For your own learning, you are advised to work individually. Collabo-

ration may involve only discussion; all the writing must be done individually.

Homework must be submitted in LATEX via e-mail. I want both the LATEX file and

the resulting PDF. The files must be of the form lastname_discr_hwnum.tex and

lastname_discr_hwnum.pdf respectively. Pictures do not have to be typeset; a legi-

ble photograph of a hand-drawn picture is acceptable.

You can earn 0.5 points of extra credit by submitting exactly 4 problems before the

start of class on 13 September 2017. Resubmissions void the extra credit.

1. [1] Show that if N is colored into finitely many colors, then there are three distinct

natural numbers x, y, z of the same color such that x+ y = z.

2. Let R(k1, k2) be the usual two-color Ramsey number.

(a) [2] Show that R(5, k) ≥ 1
100

(k/ log k)2 using a probabilistic argument. [Hint:

color edges using a biased coin. The inequality 1 − p ≤ exp(−p) is likely to

be useful.]

(b) [0; do not turn in] Rewrite the proof above as a counting argument.

3. [2] Let k > r be natural numbers. Consider an underdetermined system of homo-

geneous linear equations

a11x1 + a12x2+ · · ·+ a1kxk = 0,

a21x1 + a22x2+ · · ·+ a2kxk = 0,

...
...

ar1x1 + ar2x2+ · · ·+ arkxk = 0

with coefficients aij that are integers and satisfy |aij| ≤ N for all i and j. Show

that there is a solution such that all the unknowns x1, . . . , xk are integers that

are not all zero and that satisfy |xj| ≤ Ck,rN
r/(k−r). Here Ck,r is a constant that

∗This homework is from http://www.borisbukh.org/DiscreteMath17/hw2.pdf.
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depends only on k and r. You do not have to find the smallest Ck,r for which this

holds.

4. [1] Show that for every k there is an n such that whenever subsets of [n] are colored

into k colors there are non-empty disjoint sets A,B,C such that the colors of six

sets A,B,C,A ∪B,A ∪ C,B ∪ C are all the same.

5. [2] Product of graphs G1, . . . , Gn is the graph whose vertices are ordered tuples

(v1, . . . , vn) s.t. vi ∈ Gi, and the pair (a1, . . . , an), (b1, . . . , bn) forms an edge if and

only if for each i either ai = bi or aibi ∈ E(Gi).

Let α(G) denote the size of the largest independent set in G. Prove that the Ram-

sey number R(3, . . . , 3︸ ︷︷ ︸
n

) is equal to 1 + maxα(G1 × · · · ×Gn) where the maximum

is over all graphs G1, . . . , Gn such that α(G) = 2.

6. [1] Show that every graph G on n ≥ 16 vertices contains two disjoint subsets A

and B of size |A| = |B| ≥ 1
4

log2 n such that induced subgraphs G|A and G|B are

isomorphic.

7. For a set A of integers, put Σ(A)
def
=
∑

a∈A a. Let S ⊂ [n] be a set of m integers.

(a) [2] Show that if m ≥ log2 n + log2 log2 n + 1 and n is sufficiently large, then

S contains two non-empty disjoint subsets A1, A2 such that Σ(A1) = Σ(A2).

(b) (Open problem; much extra credit) Prove or disprove that there is a constant

C such that if m ≥ C log2 n, then S contains three non-empty disjoint subsets

A1, A2, A3 such that Σ(A1) = Σ(A2) = Σ(A3).

8. [2+(extra credit) 2] Let X be a set. A n-letter word over alphabet X is simply

an element of Xn, i.e., a sequence of n elements from X. Consider a word w ∈(
[k] ∪ {∗}

)n
. Let C(w) be the set of all the words in [k]n that can be obtained by

replacing stars by elements of [k]. For example, if k = 2 then

C(1 ∗ 21∗) = {11211, 11212, 12211, 12212}.

In general, if w has m stars, then |C(w)| = 2m.

(a) Use Ramsey’s theorem (or anything else) to show that there is a function

n0(r,m) such that if n ≥ n0(r,m) and χ : [2]n → [r] is a coloring of n-letter

words over 2-letter alphabet, then there is a word w ∈ ([2] ∪ {∗})n with m

stars such that for w′ ∈ C(w) the color χ(w′) depends only on the number of

occurences of 1’s and 2’s in w′.
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(b) Show that the analogous statement for 3-letter alphabet is false. Namely,

show that there is an r and m such that for every n there is a coloring

χ : [3]n → [r] so that for no w ∈ ([3]∪ {∗})n with m stars the color of a word

in C(w) depends only on the number of occurences of 1’s, 2’s and 3’s.
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