
Walk through Combinatorics: homework #3∗

Due 19 October 2012

Due 22 October 2012

Collaboration and use of external sources are permitted, but discouraged,
and must be fully acknowledged and cited. Collaboration may involve only
discussion; all the writing must be done individually.

The number of points for each problem is specified in brackets. The
problems appear in no special order.

1. [2+1] An incomplete binary tree is a rooted tree in which each node is
either a terminal node, or a branch. A branch node might have either
one child (left or right) or both left and right children. A descending
labelling on a tree is an assignment of labels 1 through n to the nodes,
where n is the number of nodes, such that on every path from the root
the labels are descending. A descending incomplete binary tree is an
incomplete binary tree with a descending labelling on it.
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Three examples of descending incomplete binary trees

∗This homework is from http://www.borisbukh.org/DiscreteMath12/hw3.pdf.
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21-701: Walk through Combinatorics Homework #3

(a) Use generating functions to compute the number of descending
incomplete binary trees on n nodes.

(b) Give a bijective proof of the closed formula that you found in the
part (a).

2. [2+1] Let Fn be the number of functions [n] → N whose image is [r]
for some r.

(a) Find the exponential generating function for Fn. (Hint: consider
individual values of r.)

(b) Find an asymptotics for Fn. (Your answer should be of the form
Fn = An

(
1 + O(cn)

)
for some explicit An and an explicit value of

c < 1.)

3. [2] Let A ⊂ N be an infinite set of integers. Let Rn be the number
of ways to write n as n = a1 + a2 with a1, a2 ∈ A, where the order of
summands does not matter (i.e. 5 = 3 + 2 and 5 = 2 + 3 are the same).
Show that Rn = C + o(1) cannot hold for all large values of n.

4. [2+(2 extra credit)] Let Sn be the set of all sequences of length 2n with
n terms that are +1 and n terms that are −1, and all of whose partial
sums are nonnegative. Let Cn,k be the number sequences in Sn with
exactly k zero partial sums. For example, the only sequence counted
by C2,2 is +1,+1,−1,−1.

(a) Compute F (z, w) =
∑

Cn,kz
nwk in closed form.

(b) (Extra credit) Suppose we pick a sequence uniformly at random
from Sn. What is the expectation of the number of times a partial
sum of coefficients vanishes? (You may want to use a symbolic
algebra system for some computations.)
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